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ATOMIC DECOMPOSITION AND CARLESON MEASURES FOR
WEIGHTED MIXED NORM SPACES
JOSE´ A´NGEL PELA´EZ, JOUNI RA¨TTYA¨, AND KIAN SIERRA
Abstract. The purpose of this paper is to establish an atomic decomposition for functions in
the weighted mixed norm space Ap,qω induced by a radial weight ω in the unit disc admitting
a two-sided doubling condition. The obtained decomposition is further applied to characterize
Carleson measures for Ap,qω , and bounded differentiation operators D
pnqpfq “ f pnq acting from
Ap,qω to L
p
µ, induced by a positive Borel measure µ, on the full range of parameters 0 ă p, q, s ă 8.
1. Introduction and main results
Let HpDq denote the space of all analytic functions in the open unit disc D “ tz P C : |z| ă 1u
of the complex plane C. Further, let T stand for the boundary of D andDpa, rq “ tz : |z ´ a| ă ru
for the Euclidean disc of center a P C and radius r ą 0. For 0 ă r ă 1 and f P HpDq, set
Mppr, fq “
ˆ
1
2π
ż 2π
0
|fpreitq|p dt
˙1{p
, 0 ă p ă 8,
M8pr, fq “ sup
|z|“r
|fpzq|.
An integrable function ω : DÑ r0,8q is called a weight. It is radial if ωpzq “ ωp|z|q for all z P D.
For a radial weight ω, write pωpzq “ ş1|z| ωpsq ds for all z P D.
For 0 ă p ď 8, 0 ă q ă 8 and a radial weight ω, the weighted mixed norm space Ap,qω consists
of f P HpDq such that
}f}q
A
p,q
ω
“
ż 1
0
M qp pr, fqωprq dr ă 8.
If q “ p, then Ap,qω coincides with the Bergman space A
p
ω induced by the weight ω. As usual,
A
p
α denotes the weighted Bergman space induced by the standard radial weight p1 ´ |z|2qα.
Weighted mixed norm spaces arise naturally in operator and function theory, for example, in the
study of the boundedness, compactness and Schatten classes of the generalized Hilbert operator
Hgpfqpzq “
ş1
0
fptqg1ptzq dt acting on Bergman spaces [16, 20].
A weight ω belongs to the class pD if there exists a constant C “ Cpωq ě 1 such that pωprq ď
Cpωp1`r
2
q for all 0 ď r ă 1. Moreover, if there exist K “ Kpωq ą 1 and C “ Cpωq ą 1 such that
pωprq ě Cpωˆ1´ 1´ r
K
˙
, 0 ď r ă 1, (1.1)
then we write ω P qD. Weights ω belonging to D “ pD X qD are called doubling. The classes
of weights pD and D emerge from fundamental questions in operator theory: recently the first
two authors showed that the weighted Bergman projection Pω, induced by a radial weight ω, is
bounded from L8 to the Bloch space B “ tf P HpDq : supzPD |f
1pzq|p1´ |z|q ă 8u if and only if
ω P pD, and further, it is bounded and onto if and only if ω P D [21].
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The primary aim of this study is to establish a representation theorem, commonly known as
an atomic decomposition, for functions in Ap,qω in the sense of Coifman and Rochberg [5]. This
last-mentioned celebrated result concerning classical weighted Bergman spaces has been extended
to the vector-valued Bergman spaces [6], the Bergman spaces induced by exponential weights [2],
the classical Dirichlet spaces [10], the Fock spaces [24] and the classical mixed norm spaces on
the upper half plane [22]. In concrete means we will prove that each function in the mixed
norm space Ap,qω with ω P D can be written as an adequate sum of normalized translates and
dilates of powers of the Cauchy kernel in such a way that the coefficients belong to the doubled
indexed complex-valued sequence space ℓp,q. For 0 ă p, q ď 8, the space ℓp,q consists sequences
λ “ tλj,luj,l such that
}λ}ℓp,q “
››› ››tλj,lul››ℓp(j›››ℓq ă 8,
where }tanun}ℓ8 “ supn |an| and }tanun}
s
ℓs “
ř
n |an|
s for all 0 ă s ă 8.
In order to state our main results we need to introduce some notation and recall that the classpD can be described by the equivalent conditions given in the following lemma [19, Lemma 2.1].
Lemma A. Let ω be a radial weight. Then the following conditions are equivalent:
(i) ω P pD;
(ii) There exist C “ Cpωq ą 0 and β “ βpωq ą 0 such that
pωprq ď C ˆ1´ r
1´ t
˙β pωptq, 0 ď r ď t ă 1;
(iii) There exist C “ Cpωq ą 0 and γ “ γpωq ą 0 such thatż t
0
ˆ
1´ t
1´ s
˙γ
ωpsq ds ď Cpωptq, 0 ď t ă 1.
We write ̺pa, zq “ |ϕapzq| “
ˇˇˇ
a´z
1´az
ˇˇˇ
for the pseudohyperbolic distance between z and a, and
∆pa, rq “ tz : ̺pa, zq ă ru for the pseudohyperbolic disc of center a P D and radius r P p0, 1q. A
sequence tzku
8
k“0 in D is called separated if infk‰j ̺pzk, zjq ą 0. Now for each K ą 1, a sequence
tzku in D, is re-indexed in the following way depending on K: For each j P N Y t0u, let tzj,lul
denote the points of the sequence tzku in the annulus Aj “ AjpKq “ tz : rj ď |z| ă rj`1u,
where rj “ rjpKq “ 1´K
´j. The following result contains a half of the aforementioned atomic
decomposition for functions in Ap,qω .
Theorem 1. Let 0 ă p ď 8, 0 ă q ă 8, 1 ă K ă 8, ω P D, and tzku
8
k“0 a separated sequence
in D. Let β “ βpωq ą 0 and γ “ γpωq ą 0 be those of Lemma A(ii) and (iii). If
M ą 1`
1
p
`
β ` γ
q
(1.2)
and λ “ tλj,lu P ℓ
p,q, then the function F defined by
F pzq “
ÿ
j,l
λj,l
p1´ |zj,l|q
M´ 1
p pωpzj,lq´ 1q
p1´ zj,lzq
M
belongs to HpDq, and there exists a constant C “ CpK,M,ω, p, qq ą 0 such that
}F }Ap,qω ď C }λ}ℓp,q . (1.3)
One important tool in the proof of Theorem 1, to be given in Section 2, is the description
due to Muckenhoupt [13] of the weights U and V such that the Hardy operators
şx
0
fptq dt andş8
x
fptq dt are bounded from the Lebesgue space LspU s, p0,8qq to LspV s, p0,8qq.
To complete the atomic decomposition we are after, for each K P Nzt1u, j P N Y t0u and
l “ 0, 1, . . . ,Kj`3 ´ 1, define the dyadic polar rectangle as
Qj,l “
"
z P D : rj ď |z| ă rj`1, arg z P
„
2π
l
Kj`3
, 2π
l ` 1
Kj`3
˙*
, (1.4)
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where rj “ rjpKq “ 1 ´ K
´j as before, and denote its center by ζj,l. For each M P N and
k “ 1, . . . ,M2, the rectangle Qkj,l is defined as the result of dividing Qj,l into M
2 pairwise
disjoint rectangles of equal Euclidean area, and the centers of these squares are denoted by ζkj,l,
respectively. Write λ “ tλj,l,ku P ℓ
p,q if
}λ}ℓp,q “
¨˚
˝ 8ÿ
j“0
¨˝
Kj`3´1ÿ
l“0
M2ÿ
k“1
|λj,l,k|
p‚˛
q
p ‹˛‚
1
q
ă 8.
The representation part of our result reads as follows and will be proven in Section 3.
Theorem 2. Let 0 ă p ď 8, 0 ă q ă 8, K P Nzt1u and ω P D such that (1.1) holds. Then
there exists M “Mpp, q, ωq ą 0 such that Ap,qω consists of functions of the form
fpzq “
ÿ
j,l,k
λpfqkj,l
p1´ |ζkj,l|
2qM´
1
p pωprjq´ 1q
p1´ ζkj,lzq
M
, z P D, (1.5)
where λpfq “ tλpfqkj,lu P ℓ
p,q and ›››tλpfqkj,lu›››
ℓp,q
— }f}Ap,qω . (1.6)
Atomic decompositions, and even partial results of the same fashion, for functions in spaces of
analytic functions are very useful in operator theory. In particular, they can be used to describe
dual spaces [22] or to study basic questions such as the boundedness, the compactness or the
Schatten class membership of concrete operators [1, 2, 7, 10, 15, 17, 18, 23, 24]. In this study we
will use Theorem 1 to describe those positive Borel measures µ on D such that the differentiation
operator defined by Dpnqpfq “ f pnq for n P NYt0u is bounded from Ap,qω to the Lebesgue space Lsµ.
The special case n “ 0 gives a description of the s-Carleson measures for Ap,qω . Carleson measures
have attracted a lot of attention during the last decades because of their numerous applications
in the operator theory and elsewhere, and descriptions of these measures have been obtained for
many spaces of analytic functions such as the Hardy spaces [3, 4, 8, 9, 11], the classical Bergman
spaces [12, 23], the Bergman spaces induced by Bekolle´-Bonami, rapidly decreasing or doubling
weights [7, 15, 17, 18], the Fock spaces [24] and the classical mixed norm spaces [12], to name a
few instances.
To state our result on the differentiation operator, write
Tr,u,vpzq “
µp∆pz, rqq
p1´ |z|qupωpzqv , z P D,
for a positive Borel measure µ on D, 0 ă r ă 1 and 0 ă u, v ă 8.
Theorem 3. Let 0 ă p, q, s ă 8, n P NYt0u, ω P D, 0 ă r ă 1, µ a positive Borel measure on D,
and let K “ Kpωq P Nzt1u such that (1.1) holds. Then the following statements are equivalent:
(i) Dpnq : Ap,qω Ñ Lsµ is bounded;
(ii)
"
µpQj,lqK
sj
´
n` 1
p
¯pωprjq´ sq*
j,l
P ℓp
p
s q
1
,p qsq
1
;
(iii) Tr,u,v P L
p ps q
1
,p qsq
1
ω , where
(a) u “ sn` 1 and v “ 1 if s ă mintp, qu;
(b) u “ sn` 1
p
and v “ 1 if p ď s ă q;
(c) u “ sn` 1 and v “ s
q
if q ď s ă p;
(d) u “ spn` 1
p
q and v “ s
q
if s ě maxtp, qu.
Moreover,
}Dpnq}s
A
p,q
ω ÑLsµ
—
›››››
"
µpQj,lqK
sj
´
n` 1
p
¯pωprjq´ sq*
j,l
›››››
ℓp
p
s q
1
,p qs q
1
— }Tr,u,v}
L
p ps q
1
,p qs q
1
ω
.
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Theorem 3 will be proven in Section 4.
2. Proof of Theorem 1
Throughout the proof and in several other occasions in this work we will use the fact that a
radial weight ω belongs to qD if and only if there exist C “ Cpωq ą 0 and α “ αpωq ą 0 such that
pωptq ď C ˆ 1´ t
1´ r
˙α pωprq, 0 ď r ď t ă 1. (2.1)
This equivalence can be proved by following the ideas used in the proof of [19, Lemma 2.1].
To see that the function F defined in Theorem 1 is analytic, observe first that #tzk P Aju À K
j
for all j P N Y t0u since tzku is a separated sequence by the hypothesis. This together with
Lemma A(ii) and the hypothesis (1.2) yields
|F pzq| ď
ÿ
j,l
|λj,l|
p1´ |zj,l|q
M´ 1
p pωpzj,lq´ 1q
|1´ zj,lz|M
À
}λ}ℓ8
p1´ rqM
8ÿ
j“0
K
´j
´
M´ 1
p
´1
¯pωprjq´ 1q
À
}λ}ℓ8pωp0q 1q p1´ rqM
8ÿ
j“0
K
´j
´
M´ 1
p
´1´β
q
¯
—
}λ}ℓ8
p1´ rqM
, |z| ă r ă 1,
and hence F P HpDq.
From now on we write cpj “
ř
l |λj,l|
p. By following the idea used in the half plane case [22,
(1.5) Theorem], we will split the proof into six cases according to the values of p and q:
Case 1.1: 0 ă p ď 1 and q ď p;
Case 1.2: 0 ă p ď 1 and p ă q;
Case 2.1: 1 ă p ă 8 and q ď p;
Case 2.2: 1 ă p ă 8 and p ă q;
Case 3.1: p “ 8 and 0 ă q ď 1;
Case 3.2: p “ 8 and 1 ă q ă 8.
Assume first 0 ă p ď 1. Then
|F pzq|p ď
ÿ
j,l
|λj,l|
p p1´ |zj,l|q
pM´1pωpzj,lq´ pq
|1´ zj,lz|
pM
, z P D.
By using pM ą 1, which follows from the hypothesis (1.2), and Lemma A(ii) we obtain
Mpp pr, F q À
ÿ
j,l
|λj,l|
p p1´ |zj,l|q
pM´1pωpzj,lq´ pq
p1´ |zj,l|rq
pM´1
—
8ÿ
j“0
c
p
j
p1´ rjq
pM´1
p1´ rjrq
pM´1 pωprjq pq . (2.2)
Case 1.1: 0 ă q ď p ď 1. Observe first that M ą γ
q
` 1
p
by the hypothesis (1.2), and hence
qM ´ q
p
ą γ. By using (2.2) and Lemma A(iii) we deduce
}F }q
A
p,q
ω
À
ż 1
0
˜
8ÿ
j“0
c
p
j
p1´ rjq
pM´1
p1´ rjrq
pM´1 pωprjq pq
¸ q
p
ωprq dr
À
8ÿ
j“0
c
q
j
p1´ rjq
qM´ q
ppωprjq
ż 1
0
ωprq
p1´ rjrq
qM´ q
p
dr
—
8ÿ
j“0
c
q
j `
ÿ
j
c
q
j
p1´ rjq
qM´ q
ppωprjq
ż rj
0
ωprq
p1´ rjrq
qM´ q
p
dr —
8ÿ
j“0
c
q
j ,
and thus (1.3) is satisfied.
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Case 1.2: 0 ă p ď 1 and p ă q. By (2.2) and standard estimates
}F }q
A
p,q
ω
À
ż 1
0
˜
8ÿ
j“0
c
p
j
p1´ rjq
pM´1
p1´ rjrq
pM´1 pωprjq pq
¸ q
p
ωprq dr
“
8ÿ
k“0
ż rk`1
rk
˜
8ÿ
j“0
c
p
j
p1´ rjq
pM´1
p1´ rjrq
pM´1 pωprjq pq
¸ q
p
ωprq dr
—
8ÿ
k“0
ż rk`1
rk
˜
8ÿ
j“0
c
p
j
p1´ rjq
pM´1
p1´ rjrkq
pM´1 pωprjq pq
¸ q
p
ωprq dr
ď
8ÿ
k“0
˜
8ÿ
j“0
c
p
j
p1´ rjq
pM´1
p1´ rjrkq
pM´1 pωprjq pq
¸ q
p pωprkq
À
8ÿ
k“0
¨˝
8ÿ
j“k`1
c
p
j
p1´ rjq
pM´1
p1´ rjrkq
pM´1 pωprjq pq ‚˛
q
p pωprkq
`
8ÿ
k“0
˜
kÿ
j“0
c
p
j
p1´ rjq
pM´1
p1´ rjrkq
pM´1 pωprjq pq
¸ q
p pωprkq
ď
8ÿ
k“0
¨˝
8ÿ
j“k`1
c
p
j
p1´ rjq
pM´1
p1´ rjrkq
pM´1 pωprjq pq ‚˛
q
p pωprkq
`
8ÿ
k“0
˜
kÿ
j“0
c
p
jpωprjq pq
¸ q
p pωprkq “ S1pF q ` S2pF q.
To prove the estimate SlpF q À }λ}
q
ℓp,q for l “ 1, 2 we will use the characterization, obtained by
Muckenhoupt [13], of the weights U and V such that the Hardy operators
şx
0
fptq dt and
ş8
x
fptq dt
are bounded from LspU s, p0,8qq to LspV s, p0,8qq, where s “ q
p
ą 1. To do this, consider first
the step functions
Upxq “
pωprkq pq
p1´ rkqpM´1
, x P rk, k ` 1q, k P NY t0u;
fpxq “ cpk
p1´ rkq
pM´1
pωprkq pq , x P rk, k ` 1q, k P NY t0u;
V pxq “
pωprkq pq
p1´ rkqpM´1
, x P rk, k ` 1q, k P NY t0u.
With this notation
}λ}qℓp,q “
8ÿ
k“0
c
q
k “
ż 8
0
pV pxqfpxqq
q
p dx
and ż 8
0
ˆ
Upxq
ż 8
x
fpyq dy
˙ q
p
dx ě
8ÿ
k“0
¨˝
8ÿ
j“k`1
c
p
j
p1´ rjq
pM´1
p1´ rjrkq
pM´1 pωprjq pq ‚˛
q
p pωprkq “ S1pF q.
Therefore the estimate S1pF q À }λ}
q
ℓp,q follows by [13, Theorem 2] once it is shown that
sup
xě0
ˆż x
0
Upyq
q
p dy
˙ p
q
ˆż 8
x
V pyq
´
´
q
p
¯1
dy
˙ 1
p qpq
1
ă 8. (2.3)
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To see this, let x ě 0, and take N “ Npxq P NYt0u such that N ď x ă N`1. Then Lemma A(ii)
and the inequality M ą 1
p
` β
q
, which follows by the hypothesis (1.2), imply
ˆż x
0
Upyq
q
p dy
˙ p
q
ď
˜
Nÿ
k“0
ż k`1
k
Upyq
q
p dy
¸ p
q
“
˜
Nÿ
k“0
Upkq
q
p
¸ p
q
“
˜
Nÿ
k“0
pωprkq
p1´ rkq
qM´ q
p
¸ p
q
À
˜ pωprN q
p1´ rN qβ
Nÿ
k“0
1
p1´ rkq
qM´ q
p
´β
¸ p
q
—
˜ pωprN q
p1´ rN q
qM´ q
p
¸p
q
“
pωprN q pq
p1´ rN qpM´1
.
(2.4)
Another application of Lemma A(ii) and M ą 1
p
` β
q
give
ˆż 8
x
V pyq
´
´
q
p
¯1
dy
˙ 1
p qpq
1
ď
˜
8ÿ
k“N
V pkq
´
´
q
q´p
¯¸ q´pq
“
¨˝
8ÿ
k“N
˜ pωprkq pq
p1´ rkqpM´1
¸´ q
q´p ‚˛
q´p
q
À
¨˝
p1´ rN q
pβ
q´p
pωprN q pq´p
8ÿ
k“N
1
p1´ rkq
p
q´p
´
β´q
´
M´ 1
p
¯¯ ‚˛
q´p
q
—
p1´ rN q
pM´1
pωprN q pq ,
which together with (2.4) gives (2.3).
We next establish S2pF q À }λ}
q
ℓp,q . Define
Upxq “ pωprkq pq , x P rk, k ` 1q, k P NY t0u;
fpxq “
c
p
kpωprkq pq , x P rk, k ` 1q, k P NY t0u;
V pxq “ pωprkq pq , x P rk, k ` 1q, k P NY t0u.
Then
}λ}qℓp,q “
8ÿ
k“0
c
q
k “
ż 8
0
pV pxqfpxqq
q
p dx
and ż 8
0
ˆ
Upxq
ż x
0
fpyq dy
˙ q
p
dx ě
8ÿ
k“0
˜
k´1ÿ
j“0
c
p
jpωprjq pq
¸ q
p pωprkq,
and thus
S2pF q À
8ÿ
k“0
˜
k´1ÿ
j“0
c
p
jpωprjq pq
¸ q
p pωprkq ` 8ÿ
k“0
c
q
k ď
ż 8
0
ˆ
Upxq
ż x
0
fpyq dy
˙ q
p
dx` }λ}qℓp,q .
Therefore the estimate S2pF q À }λ}
q
ℓp,q we are after, follows by [13, Theorem 1] if
sup
xě0
ˆż 8
x
Upyq
q
p dy
˙ p
q
ˆż x
0
V pyq
´
´
q
p
¯1
dy
˙ 1
p qpq
1
ă 8. (2.5)
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To prove this, let x ě 0 and choose N “ Npxq P N Y t0u such that N ď x ă N ` 1. Then (2.1)
yields
ˆż 8
x
Upyq
q
pdy
˙ p
q
ď
˜
8ÿ
k“N
Upkq
q
p
¸ p
q
“
˜
8ÿ
k“N
pωprkq
¸ p
q
À
˜
8ÿ
k“N
ˆ
1´ rk
1´ rN
˙α pωprN q
¸ p
q
— pωprN q pq
and
ˆż x
0
V pyq
´
´
q
p
¯1
dy
˙ 1
p qpq
1
ď
˜
Nÿ
k“0
V pkq
´
´
q
p
¯1¸ 1p qpq1
“
˜
Nÿ
k“0
1pωprkq pq´p
¸ 1
p qpq
1
À
˜
Nÿ
k“0
ˆ
1´ rN
1´ rk
˙ pα
q´p 1pωprN q pq´p
¸ q´p
q
—
1pωprN q pq ,
from which (2.5) follows. Case 1.2 is now proved.
Assume next 1 ă p ă 8. Before dealing with Cases 2.1 and 2.2, we will estimate Mppr, F q.
We claim that there exist η, θ P p0, 1q such that
Mp1´ θqp1 ą 1,
Mpη ´ θq `
1´ η
p
ą 0,
p1p1´ ηqpM ´
1
p
´
β
q
q ą 1,
pMθ ą 1,
qηpM ´
1
p
q ą γ,
Mpη ´ θq `
1´ η
p
ă
αη
q
,
(2.6)
where α is that of (2.1) and M,β, γ are those in the statement of the theorem. We postpone the
proof of this fact for a moment and estimate Mppr, F q first. By Ho¨lder’s inequality,
|F pzq|p ď
ÿ
j,l
|λj,l|
p p1´ |zj,l|q
ppM´1qη
|1´ zj,lz|
pMθ pωpzj,lq pηq
¨˝ÿ
j,l
p1´ |zj,l|q
p1
´
M´ 1
p
¯
p1´ηq
|1´ zj,lz|
p1Mp1´θq pωpzj,lq p1p1´ηqq ‚˛
p
p1
(2.7)
for all z P D. Since tzku is separated by the hypothesis, there exists δ “ δpKq ą 0 such
that ∆pzj,l, δq Ă trj´1 ď |w| ă rj`2u for all l with the convenience that r´1 “ r0 “ 0, and
∆pzj,l1 , δq X∆pzj,l2 , δq “ H if l1 ‰ l2. Therefore by using the subharmonicity and the first case
in (2.6) we obtain
ÿ
l
1
|1´ zj,lz|
p1Mp1´θq
À K2j
ÿ
l
ż
∆pzj,l,δq
dApwq
|1´wz|p
1Mp1´θq
ď K2j
ż
Dp0,rj`2qzDp0,rj´1q
dApwq
|1´ wz|p
1Mp1´θq
À
Kj
p1´ rj`2|z|q
p1Mp1´θq´1
—
Kj
p1´ rj |z|q
p1Mp1´θq´1
,
(2.8)
8 JOSE´ A´NGEL PELA´EZ, JOUNI RA¨TTYA¨, AND KIAN SIERRA
and henceÿ
j,l
p1´ |zj,l|q
p1
´
M´ 1
p
¯
p1´ηq
|1´ zj,lz|
p1Mp1´θq pωpzj,lq p1p1´ηqq À
ÿ
j
p1´ rjq
p1
´
M´ 1
p
¯
p1´ηq´1
p1´ rj |z|q
p1Mp1´θq´1 pωprjq p1p1´ηqq
—
ÿ
rjď|z|
p1´ rjq
p1
´
M´ 1
p
¯
p1´ηq´1
p1´ rj |z|q
p1Mp1´θq´1 pωprjq p1p1´ηqq
`
ÿ
rją|z|
p1´ rjq
p1
´
M´ 1
p
¯
p1´ηq´1
p1´ rj|z|q
p1Mp1´θq´1 pωprjq p1p1´ηqq
ď
1
pωpzq p1p1´ηqq
ÿ
rjď|z|
p1´ rjq
p1
´
M´ 1
p
¯
p1´ηq´p1Mp1´θq
`
1
p1´ |z|qp
1Mp1´θq´1
ÿ
rją|z|
p1´ rjq
p1
´
M´ 1
p
¯
p1´ηq´1
pωprjq p1p1´ηqq
“ S3pF q ` S4pF q.
(2.9)
Since Mpη ´ θq ` 1´η
p
ą 0 by the second case in (2.6),
S3pF q ď
1
pωpzq p1p1´ηqq
ÿ
rjď|z|
1
p1´ rjq
p1
´
Mpη´θq` 1´η
p
¯ — 1pωpzq p1p1´ηqq p1´ |z|qp1´Mpη´θq` 1´ηp ¯ . (2.10)
Now, by using Lemma A(ii) and the third case of (2.6), we deduce
S4pF q À
p1´ |z|q
βp1p1´ηq
q
´pp1Mp1´θq´1q
pωpzq p1p1´ηqq
ÿ
rją|z|
p1´ rjq
p1
´
M´ 1
p
¯
p1´ηq´1´βp
1p1´ηq
q
—
1
pωpzq p1p1´ηqq p1´ |z|qp1´Mpη´θq` 1´ηp ¯ .
(2.11)
Consequently, by combining the estimates (2.7)–(2.11) we deduce
|F pzq|p À
pωpzq´ pp1´ηqq
p1´ |z|q
p
´
Mpη´θq` 1´η
p
¯ ÿ
j,l
|λj,l|
p p1´ |zj,l|q
ppM´1qη
|1´ zj,lz|
pMθ pωpzj,lq pηq , z P D,
and hence the fourth case of (2.6) gives
Mpp pr, F q À
pωprq´ pp1´ηqq
p1´ rq
p
´
Mpη´θq` 1´η
p
¯ ÿ
j,l
|λj,l|
p p1´ rjq
ppM´1qη
pωprjq pηq
ż 2π
0
dt
|1´ zj,lreit|
pMθ
À
pωprq´ pp1´ηqq
p1´ rq
p
´
Mpη´θq` 1´η
p
¯ ÿ
j
c
p
j
p1´ rjq
ppM´1qη
p1´ rjrq
pMθ´1 pωprjq pηq .
(2.12)
By using this estimate we will deal with Cases 2.1 and 2.2.
Case 2.1: p ą 1 and 0 ă q ď p. By (2.12),
}F }q
A
p,q
ω
À
ż 1
0
pωprq´p1´ηq
p1´ rq
q
´
Mpη´θq` 1´η
p
¯ ÿ
j
c
q
j
p1´ rjq
q
´
M´ 1
p
¯
ηpωprjq´η
p1´ rjrq
qMθ´ q
p
ωprq dr
“
ÿ
j
c
q
jp1´ rjq
q
´
M´ 1
p
¯
ηpωprjq´η ż 1
0
pωprq´p1´ηq
p1´ rjrq
qMθ´ q
p p1´ rq
q
´
Mpη´θq` 1´η
p
¯ωprq dr.
(2.13)
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Lemma A(iii) together with the fifth case of (2.6) yields
ż rj
0
pωprq´p1´ηqωprq
p1´ rjrq
qMθ´ q
p p1´ rq
q
´
Mpη´θq` 1´η
p
¯ dr ď
ż rj
0
pωprq´p1´ηqωprq
p1´ rq
q
´
Mpη´θq` 1´η
p
¯
`qMθ´ q
p
dr
ď
1pωprjq1´η
ż rj
0
ωprq
p1´ rq
qη
´
M´ 1
p
¯ dr
À
pωprjqη
p1´ rjq
qη
´
M´ 1
p
¯ ,
(2.14)
while the fourth case of (2.6) implies
ż 1
rj
pωprq´p1´ηqωprq
p1´ rjrq
qMθ´ q
p p1´ rq
q
´
Mpη´θq` 1´η
p
¯ dr ď 1
p1´ rjq
Mqθ´ q
p
ż 1
rj
pωprq´p1´ηqωprq
p1´ rq
q
´
Mpη´θq` 1´η
p
¯ dr,
where, by an integration by parts and (2.1) together with the sixth case of (2.6),
ż 1
rj
pωprq´p1´ηq
p1´ rq
q
´
Mpη´θq` 1´η
p
¯ωprq dr
“
pωprjqη
ηp1 ´ rjq
q
´
Mpη´θq` 1´η
p
¯ ` 1
ηqpMpη ´ θq ` 1´η
p
q
ż 1
rj
pωprqη
p1´ rq
q
´
Mpη´θq` 1´η
p
¯
`1
dr
À
pωprjqη
p1´ rjq
q
´
Mpη´θq` 1´η
p
¯ ` pωprjqη
p1´ rjqαη
ż 1
rj
dr
p1´ rq
q
´
Mpη´θq` 1´η
p
¯
`1´αη
—
pωprjqη
p1´ rjq
q
´
Mpη´θq` 1´η
p
¯ ,
and thus
ż 1
rj
pωprq´p1´ηqωprq
p1´ rjrq
qMθ´ q
p p1´ rq
q
´
Mpη´θq` 1´η
p
¯ dr À pωprjqη
p1´ rjq
qη
´
M´ 1
p
¯ .
This together with (2.13) and (2.14) gives (1.3).
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Case 2.2: p ą 1 and 0 ă p ă q. By (2.12) and the fourth case of (2.6),
}F }q
A
p,q
ω
À
ż 1
0
¨˝ pωprq´ pp1´ηqq
p1´ rq
p
´
Mpη´θq` 1´η
p
¯ 8ÿ
j“0
c
p
j
p1´ rjq
ppM´1qηpωprjq´ pηq
p1´ rjrq
pMθ´1
‚˛
q
p
ωprq dr
“
8ÿ
k“0
ż rk`1
rk
¨˝ pωprq´ pp1´ηqq
p1´ rq
p
´
Mpη´θq` 1´η
p
¯ 8ÿ
j“0
c
p
j
p1´ rjq
ppM´1qηpωprjq´ pηq
p1´ rjrq
pMθ´1
‚˛
q
p
ωprq dr
À
8ÿ
k“0
¨˝ pωprkq´ pp1´ηqq
p1´ rkq
p
´
Mpη´θq` 1´η
p
¯ 8ÿ
j“0
c
p
j
p1´ rjq
ppM´1qηpωprjq´ pηq
p1´ rjrkq
pMθ´1
‚˛
q
p
ppωprkq ´ pωprk`1qq
ď
8ÿ
k“0
¨˝ pωprkq pηq
p1´ rkq
p
´
Mpη´θq` 1´η
p
¯ 8ÿ
j“0
c
p
j
p1´ rjq
ppM´1qη
p1´ rjrkq
pMθ´1 pωprjq pηq ‚˛
q
p
À
8ÿ
k“0
¨˝ pωprkq pηq
p1´ rkq
p
´
Mpη´θq` 1´η
p
¯ 8ÿ
j“k`1
c
p
j
p1´ rjq
ppM´1qη
p1´ rjrkq
pMθ´1 pωprjq pηq ‚˛
q
p
`
8ÿ
k“0
¨˝ pωprkq pηq
p1´ rkq
p
´
Mpη´θq` 1´η
p
¯ kÿ
j“0
c
p
j
p1´ rjq
ppM´1qη
p1´ rjrkq
pMθ´1 pωprjq pηq ‚˛
q
p
À
8ÿ
k“0
¨˝ pωprkq pηq
p1´ rkqηppM´1q
8ÿ
j“k`1
c
p
j
p1´ rjq
ppM´1qη
pωprjq pηq ‚˛
q
p
`
8ÿ
k“0
¨˝ pωprkq pηq
p1´ rkq
p
´
Mpη´θq` 1´η
p
¯ kÿ
j“0
c
p
j
p1´ rjq
pMpη´θq`p1´ηq
pωprjq pηq ‚˛
q
p
“ S5pF q ` S6pF q.
To prove the estimate S5pF q À }λ}
q
ℓp,q , define the step functions
Upxq “
pωprkq pηq
p1´ rkqηppM´1q
, x P rk, k ` 1q, k P NY t0u;
fpxq “ cpk
p1´ rkq
ηppM´1q
pωprkq pηq , x P rk, k ` 1q, k P NY t0u;
V pxq “
pωprkq pηq
p1´ rkqηppM´1q
, x P rk, k ` 1q, k P NY t0u.
Then
}λ}qℓp,q “
8ÿ
k
c
q
k “
ż 8
0
pV pxqfpxqq
q
p dx
andż 8
0
ˆ
Upxq
ż 8
x
fpyq dy
˙ q
p
dx ě
8ÿ
k“0
¨˝ pωprkq pηq
p1´ rkqηppM´1q
8ÿ
j“k`1
c
p
j
p1´ rjq
ηppM´1q
pωprjq pηq ‚˛
q
p
“ S5pF q.
Therefore S5pF q À }λ}
q
ℓp,q follows by [13, Theorem 2] if
sup
xě0
ˆż x
0
Upyq
q
pdy
˙ p
q
ˆż 8
x
V pyq
´
´
q
p
¯1
dy
˙ 1
p qpq
1
ă 8. (2.15)
ATOMIC DECOMPOSITION AND CARLESON MEASURES FOR WEIGHTED MIXED NORM SPACES 11
To prove this, let x ě 0 and take N “ Npxq P N Y t0u such that N ď x ă N ` 1. Then
Lemma A(ii) and the hypothesis (1.2) yield
ˆż x
0
Upyq
q
p dy
˙ p
q
ď
˜
N`1ÿ
k“0
|Upkq|
q
p
¸ p
q
“
¨˝
Nÿ
k“0
˜ pωprkq pηq
p1´ rkqηppM´1q
¸ q
p ‚˛
p
q
“
¨˝
Nÿ
k“0
pωprkqη
p1´ rkq
η
´
qM´ q
p
¯ ‚˛
p
q
À
¨˝ pωprN qη
p1´ rN qβη
Nÿ
k“0
1
p1´ rkq
η
´
qM´ q
p
´β
¯ ‚˛
p
q
—
¨˝ pωprN qη
p1´ rN q
η
´
qM´ q
p
¯ ‚˛
p
q
“
pωprN q pηq
p1´ rN qηppM´1q
.
(2.16)
Another application of Lemma A(ii) and the hypothesis (1.2) give
ˆż 8
x
V pyq
´
´
q
p
¯1
dy
˙ 1
p qpq
1
ď
¨˝
8ÿ
k“N
˜ pωprkq pηq
p1´ rkqηppM´1q
¸´ q
q´p ‚˛
q´p
q
À
˜
p1´ rN q
pβη
q´p
pωprN q pηq´p
8ÿ
k“N
1
p1´ rkq
pη
q´p
pβ´qpM´ 1
p
qq
¸ q´p
q
—
p1´ rN q
ηppM´1q
pωprN q pηq ,
which together with (2.16) implies (2.15).
We next prove S6pF q À }λ}
q
ℓp,q . Define
Upxq “
pωprkq pηq
p1´ rkq
ppMpη´θq` 1´η
p
q
, x P rk, k ` 1q, k P NY t0u;
fpxq “ cpk
p1´ rkq
pMpη´θq`1´η
pωprkq pηq , x P rk, k ` 1q, k P NY t0u;
V pxq “
pωprkq pηq
p1´ rkqpMpη´θq`1´η
, x P rk, k ` 1q, k P NY t0u.
Then
}λ}qℓp,q “
8ÿ
k“0
c
q
k “
ż 8
0
pV pxqfpxqq
q
p dx
andż 8
0
ˆ
Upxq
ż x
0
fpyq dy
˙ q
p
dx ě
8ÿ
k“0
˜
Upkq
k´1ÿ
j“0
fpjq
¸ q
p
“
8ÿ
k“0
¨˝ pωprkq pηq
p1´ rkq
p
´
Mpη´θq` 1´η
p
¯ k´1ÿ
j“0
c
p
j
p1´ rjq
pMpη´θq`p1´ηq
pωprjq pηq ‚˛
q
p
,
and hence
S6pF q À
ż 8
0
ˆ
Upxq
ż x
0
fpyq dy
˙ q
p
dx` }λ}qℓp,q .
12 JOSE´ A´NGEL PELA´EZ, JOUNI RA¨TTYA¨, AND KIAN SIERRA
Therefore S6pF q À }λ}
q
ℓp,q follows by [13, Theorem 1] once we have shown that
sup
xě0
ˆż 8
x
Upyq
q
pdy
˙ p
q
ˆż x
0
V pyq
´
´
q
p
¯1
dy
˙ 1
p qpq
1
ă 8. (2.17)
To see this, let x ě 0 and choose N “ Npxq P NY t0u such that N ď x ă N ` 1. Then, by (2.1)
and the sixth case of (2.6) we deduce
ˆż 8
x
Upyq
q
p dy
˙ p
q
ď
¨˝
8ÿ
k“N
pωprkqη
p1´ rkq
q
´
Mpη´θq` 1´η
p
¯ ‚˛
p
q
À
¨˝ pωprN qη
p1´ rN qηα
8ÿ
k“N
1
p1´ rkq
q
´
Mpη´θq` 1´η
p
¯
´ηα
‚˛
p
q
—
pωprN q pηq
p1´ rN q
p
´
Mpη´θq` 1´η
p
¯
and ˆż x
0
V pyq
´
´
q
p
¯1
dy
˙ 1
p qpq
1
ď
¨˝
Nÿ
k“0
˜
p1´ rkq
pMpη´θq`1´η
pωprkq pηq
¸ q
q´p ‚˛
q´p
q
À
˜
p1´ rN q
pαη
q´p
pωprN q pηq´p
Nÿ
k“0
p1´ rkq
q
q´p
´
pMpη´θq`1´η´ pηα
q
¯¸ q´pq
À
p1´ rN q
p
´
Mpη´θq` 1´η
p
¯
pωprN q pηq ,
from which (2.17) follows. This finishes the proof of Case 2.2.
Finally, let us prove that there exist η, θ satisfying (2.6). By (1.2), the third and fifth cases in
(2.6) are equivalent to
η P
¨˝
γ
q
´
M ´ 1
p
¯ , 1´ 1
p1
´
M ´ 1
p
´ β
q
¯‚˛,
where the inequality γ
q
´
M´ 1
p
¯ ă 1´ 1
p1
´
M´ 1
p
´β
q
¯ follows from (1.2). Let us observe that (1.2) also
implies γ
q
´
M´ 1
p
¯ ă M´1
M´ 1
p
. Therefore we may choose an η satisfying
η P
¨˝
γ
q
´
M ´ 1
p
¯ ,min
$&%1´ 1p1 ´M ´ 1
p
´ β
q
¯ , M ´ 1
M ´ 1
p
,.-‚˛. (2.18)
Next, observe that the first and the fourth cases in (2.6) are equivalent to
θ P
ˆ
1
Mp
, 1´
1
Mp1
˙
,
where 1
Mp
ă 1´ 1
Mp1
by (1.2). Further, by (1.2), the second and the sixth conditions in (2.6) are
equivalent to
θ P
¨˝´
M ´ 1
p
´ α
q
¯
η ` 1
p
M
,
´
M ´ 1
p
¯
η ` 1
p
M
‚˛, (2.19)
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where trivially
´
M´ 1
p
´α
q
¯
η` 1
p
M
ă
´
M´ 1
p
¯
η` 1
p
M
. It is clear that 1
Mp
ă
´
M´ 1
p
´α
q
¯
η` 1
p
M
as α ď β, and´
M´ 1
p
¯
η` 1
p
M
ă 1´ 1
Mp1
by (2.18). Therefore it is enough to choose θ satisfying (2.19). This finishes
the proof of (2.6).
Case 3.1: p “ 8 and 0 ă q ď 1. For this we set λpjq “ supl |λj,l|. Then the estimates in (2.8)
imply
|F pzq| À
8ÿ
j“0
λpjq
p1´ rjq
M´1
p1´ rj |z|q
M´1 pωprjq 1q , z P D, (2.20)
for each M ą 1. Since 0 ă q ď 1 and qpM ´ 1q ą γ by the hypothesis (1.2), Lemma A(iii) yields
}F }q
A
8,q
ω
À
8ÿ
j“0
λpjqq
ż 1
0
p1´ rjq
qpM´1q
p1´ rjrq
qpM´1q pωprjqωprq dr À
8ÿ
j“0
λpjqq “ }λ}qℓ8,q ,
and thus this case is proved.
Case 3.2: p “ 8 and 1 ă q ă 8. By using (2.20) we deduce
}F }q
A
8,q
ω
À
ż 1
0
˜
8ÿ
j“0
λpjq
p1´ |zj,l|q
M´1
p1´ rjrq
M´1 pωpzj,lq 1q
¸q
ωprq dr
À
8ÿ
k“0
˜
8ÿ
j“0
λpjq
ˆ
1´ rj
1´ rjrk
˙M´1ˆpωprkqpωprjq
˙1
q
¸q
À
8ÿ
k“0
¨˝
8ÿ
j“k`1
λpjq
ˆ
1´ rj
1´ rk
˙M´1ˆpωprkqpωprjq
˙ 1
q ‚˛q
`
8ÿ
k“0
˜
kÿ
j“0
λpjq
ˆpωprkqpωprjq
˙ 1
q
¸q
“ S7pF q ` S8pF q.
To prove S7pF q À }λ}
q
ℓ8,q , define the step functions
Upxq “
pωprkq 1q
p1´ rkqM´1
, x P rk, k ` 1q, k P NY t0u;
fpxq “ λpkq
p1 ´ rkq
M´1
pωprkq 1q , x P rk, k ` 1q, k P NY t0u;
V pxq “
pωprkq 1q
p1´ rkqM´1
, x P rk, k ` 1q, k P NY t0u.
Then
}λ}qℓ8,q “
8ÿ
k“0
λpkqq “
ż 8
0
pV pxqfpxqqq dx
and ż 8
0
ˆ
Upxq
ż 8
x
fpyq dy
˙q
dx ě
8ÿ
k“0
¨˝
8ÿ
j“k`1
λpjq
ˆ
1´ rj
1´ rk
˙M´1ˆpωprkqpωprjq
˙ 1
q ‚˛q “ S7pF q.
Therefore S7pF q À }λ}
q
ℓ8,q follows by [13, Theorem 2], if
sup
xě0
ˆż x
0
Upyqq dy
˙ 1
q
ˆż 8
x
V pyq´q
1
dy
˙ 1
q1
ă 8. (2.21)
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To prove this, let x ě 0 and N P NY t0u such that N ď x ă N ` 1. Then Lemma A(ii) and the
hypothesis (1.2) implyż x
0
Upyqq dy ď
Nÿ
k“0
pωprkq
p1´ rkqqpM´1q
À
pωprN q
p1´ rN qβ
Nÿ
k“0
1
p1´ rkqqpM´1q´β
—
pωprN q
p1´ rN qqpM´1q
and ż 8
x
V pyq´q
1
dy ď
8ÿ
k“N
p1´ rkq
q1pM´1q
pωprkq q1q À
p1´ rN q
q1β
q
pωprN q q1q
8ÿ
k“N
p1´ rkq
q1
´
M´1´β
q
¯
—
p1´ rN q
q1pM´1q
pωprN q q1q ,
from which (2.21) follows. Thus S7pF q À }λ}
q
ℓ8,q .
To obtain S8pF q À }λ}
q
ℓ8,q , define
Upxq “ pωprkq 1q , x P rk, k ` 1q, k P NY t0u;
fpxq “
λpkqpωprkq 1q , x P rk, k ` 1q, k P NY t0u;
V pxq “ pωprkq 1q , x P rk, k ` 1q, k P NY t0u.
Then
}λ}qℓ8,q “
8ÿ
k“0
λpkqq “
ż 8
0
pV pxqfpxqqq dx
and ż 8
0
ˆ
Upxq
ż x
0
fpyq dy
˙q
dx ě
8ÿ
k“0
˜
k´1ÿ
j“0
λpjq
ˆpωprkqpωprjq
˙1
q
¸q
,
and hence
S8pF q À
ż 8
0
ˆ
Upxq
ż x
0
fpyq dy
˙q
dx` }λ}qℓ8,q .
Therefore S8pF q À }λ}
q
ℓ8,q holds by [13, Theorem 1], once we have shown that
sup
xě0
ˆż 8
x
Upyqq dy
˙ 1
q
ˆż x
0
V pyq´q
1
dy
˙ 1
q1
ă 8. (2.22)
To see this, let x ě 0 and N P NY t0u such that N ď x ă N ` 1. By using (2.1) we deduceż 8
x
Upyqq dy ď
8ÿ
k“N
pωprkq À pωprN q
p1´ rN qα
8ÿ
k“N
p1´ rkq
α — pωprN q
and ż x
0
V pyq´q
1
dy “
Nÿ
k“0
pωprkq´q1q À p1´ rN qαq
1
q
pωprN q q1q
Nÿ
k“0
p1´ rkq
´α q
1
q — pωprN q´ q1q ,
from which (2.22) follows. Thus S8pF q À }λ}
q
ℓ8,q . This finishes the proof of Case 3.2 and the
proof of the theorem as well.
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3. A representation theorem for functions in Ap,qω
To prove Theorem 2 some definitions and lemmas are needed. For each dyadic polar rectangle
Qj,l defined in (1.4), consider the set of indexes
Uj,l “
"
pi,mq : distpQi,m, Qj,lq ď
1
Kj`1
ˆ
1´
1
K
˙*
, j P NY t0u, l “ 0, 1, . . . ,Kj`3 ´ 1,
and denote pQj,l “ ď
pi,mqPUj,l
Qi,m. (3.1)
For f P HpDq, define fj,l “ supzPQj,l |fpzq| and
pfj,l “ supζP pQj,l |fpζq|. Then
pfj,l ď ÿ
pi,mqPUj,l
fi,m À pfj,l, j P NY t0u, l “ 0, 1, . . . ,Kj`3 ´ 1, (3.2)
because #Uj,l has a finite uniform bound independent of j, l and K. For f P HpDq, write
λpfq “ tλpfqj,lu, where
λpfqj,l “ K
´ j
p pωprjq 1q fj,l (3.3)
for all j P NY t0u and l “ 0, 1, . . . ,Kj`3 ´ 1.
Lemma 4. Let 0 ă p, q ă 8, ω P D and K P Nzt1u such that (1.1) holds. Then }f}Ap,qω —
}λpfq}ℓp,q for all f P HpDq.
Proof. Lemma A(ii) implies
}f}q
A
p,q
ω
“
8ÿ
j“0
ż rj`1
rj
M qp pr, fqωprq dr ď
8ÿ
j“0
M qp prj`1, fqpωprjq À 8ÿ
j“1
M qp prj , fqpωprjq,
where
Mpp prj , fq “
ż 2π
0
ˇˇˇ
fprje
iθq
ˇˇˇp
dθ “
Kj`3´1ÿ
l“0
ż 2pipl`1q
Kj`3
2pil
Kj`3
ˇˇˇ
fprje
iθq
ˇˇˇp
dθ À K´j
Kj`3´1ÿ
l“0
f
p
j,l,
and hence
}f}q
A
p,q
ω
À
8ÿ
j“1
¨˝
K´j
Kj`3´1ÿ
l“0
f
p
j,l
‚˛
q
p pωprjq “ 8ÿ
j“1
¨˝
Kj`3´1ÿ
l“0
´
K
´ j
p pωprjq 1q fj,l¯p‚˛
q
p
ď }λpfq}qℓp,q .
To prove the reverse inequality, choose z‹j,l P Qj,l such that fj,l “ |fpz
‹
j,lq|, and n0 P N such
that
rj´1 ď rj ´
diamQj,l
Kn0
ă rj`1 `
diamQj,l
Kn0
ď rj`2
for all j and l. Then the subharmonicity of |f |p gives
Kj`3´1ÿ
l“0
f
p
j,l À
Kj`3´1ÿ
l“0
1
|Dpz‹j,l,
diamQj,l
Kn0
q|
ż
D
´
z‹
j,l
,
diamQj,l
Kn0
¯ |fpζq|p dApζq
À K2j
ż
Aj´1YAjYAj`1
|fpζq|pdApζq À KjMpp prj`2, fq, j P NY t0u,
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with the convenience that A´1 “ H. Moreover, (1.1) implies pωprjq ď CC´1 şrj`1rj ωprq dr for all
j P NY t0u. These two estimates together with Lemma A(ii) now yield
}λpfq}qℓp,q “
8ÿ
j“0
¨˝
Kj`3´1ÿ
l“0
´
K
´ j
p pωprjq 1q fj,l¯p‚˛
q
p
À
8ÿ
j“0
´
K´jpωprjq pqKjMpp prj`2, fq¯ qp
À
8ÿ
j“2
pωprjqM qp prj, fq À 8ÿ
j“0
ż rj`1
rj
M qp pr, fqωprq dr “ }f}
q
A
p,q
ω
,
(3.4)
and therefore the assertion is proved. 
Lemma 5. Let 0 ă p ď 8, 0 ă q ă 8 and ω P pD, and let β “ βpωq ą 0 be that of Lemma A(ii).
Then Ap,qω Ă A1η for all η ą
β
q
` 1
p
´ 1.
Proof. If f P HpDq and ω P pD, then the well known inequality M8pr, fq ÀMpp1`r2 , fqp1´ rq´1{p
gives
}f}q
A
p,q
ω
ě
ż 1
1`r
2
M qp ps, fqωpsq ds ěM
q
p
ˆ
1` r
2
, f
˙ pωˆ1` r
2
˙
ÁM q8pr, fqpωprqp1´ rq qp ,
from which Lemma A(ii) yields
}f}A1η À }f}A
p,q
ω
ż 1
0
p1´ rqη´
1
p
pωprq 1q dr À }f}A
p,q
ωpωp0q 1q
ż 1
0
p1´ rq
η´ 1
p
´β
q dr — }f}Ap,qω ,
and the assertion follows. 
Proof of Theorem 2. The fact that the functions of the form (1.5) with λpfq “ tλpfqkj,lu P ℓ
p,q
belong to Ap,qω and the inequality
›››tλpfqkj,lu›››
ℓp,q
À }f}Ap,qω follow from Theorem 1.
Let us now prove that each function in Ap,qω is of the form (1.5), where λpfq “ tλpfqkj,lu P
ℓp,q, and }f}Ap,qω À
›››tλpfqkj,lu›››
ℓp,q
. To do this we use ideas from [22, (1.5) Theorem]. Let η “
ηpp, q, ωq ą 1 ` 1
p
` β`γ
q
, where β “ βpωq ą 0 and γ “ γpωq ą 0 are those of Lemma A(ii)(iii).
Then η satisfies the condition (1.2) assumed on M in Theorem 1, and Ap,qω Ă A1η by Lemma 5.
Therefore, in particular,
Pηpfqpzq “ pη ` 1q
ż
D
fpζq
p1´ ζzq2`η
p1´ |ζ|2qηdApζq “ fpzq, z P D, f P Ap,qω .
Consider the operator Sη defined by
Sηpfqpzq “ pη ` 1q
ÿ
j,l,k
fpζkj,lq
p1´ |ζkj,l|
2qη´
1´ ζkj,lz
¯η`2 ˇˇˇQkj,l ˇˇˇ
“ pη ` 1q
ÿ
j,l,k
fpζkj,lqp1´ |ζ
k
j,l|
2q
1
p pωprjq 1q p1´ |ζkj,l|2qη´ 1p pωprjq´ 1q´
1´ ζkj,lz
¯η`2 ˇˇˇQkj,l ˇˇˇ
“ pη ` 1q
ÿ
j,l,k
aj,l,kpfq
p1´ |ζkj,l|
2qη´
1
p pωprjq´ 1q´
1´ ζkj,lz
¯η`2 ˇˇˇQkj,l ˇˇˇ , z P D,
where
apfqj,l,k “ fpζ
k
j,lqp1 ´ |ζ
k
j,l|
2q
1
p pωprjq 1q , j P NY t0u, l “ 0, . . . ,Kj ´ 1, k “ 1, . . . ,M2. (3.5)
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The estimate M8pr, fq À }f}Ap,qω pωprq´ 1q p1 ´ rq´ 1p , obtained in the proof of Lemma 5, ensures
that Sηpfq is well defined for each f P A
p,q
ω . Write apfq “ tapfqj,l,ku and observe that
}apfq}ℓp,q À }λpfq}ℓp,q — }f}Ap,qω (3.6)
by Lemma 4. It is shown next that for M large enough, Sη satisfies
}f ´ Sηpfq}Ap,qω ď
1
2
}f}Ap,qω . (3.7)
To see this, note first that
fpzq ´ Sηpfqpzq “ Pηpfqpzq ´ Sηpfqpzq
“ pη ` 1q
˜ż
D
fpζq
p1´ ζzq2`η
p1´ |ζ|2qηdApζq
´
ÿ
j,l,k
fpζkj,lq
´
1´ |ζkj,l|
2
¯η
´
1´ ζkj,lz
¯η`2 ˇˇˇQkj,l ˇˇˇ
¸
“ pη ` 1q
ÿ
j,l,k
ż
Qk
j,l
´
Hzpζq ´Hzpζ
k
j,lq
¯
dApζq, z P D,
(3.8)
where Hzpζq “ fpζq
p1´|ζ|2qη
p1´ζzqη`2
for all z, ζ P D. It is clear that Hz satisfies
ˇˇˇ
Hzpζq ´Hzpζ
k
j,lq
ˇˇˇ
ď diam Qkj,l sup
wPQk
j,l
|∇Hzpwq| , ζ P Q
k
j,l, (3.9)
and also
B
Bζ
Hzpζq “
`
f 1pζqp1´ |ζ|2q ´ fpζqηζ
˘ p1´ |ζ|2qη´1
p1´ ζzqη`2
, ζ P D, (3.10)
and
B
Bζ
Hzpζq “ fpζq
p1´ |ζ|2qη´1
p1´ ζzqη`2
ˆ
pη ` 2qz
1´ |ζ|2
1´ ζz
´ ηζ
˙
, ζ P D. (3.11)
Moreover, the Cauchy integral formula implies
|f pnqpζq| À
ż
|ξ´ζ|“ 1
Kj`1p1´ 1K q
|fpξq|
|ξ ´ ζ|n`1
|dξ| À Kjn pfj,l, ζ P Qj,l, n P NY t0u. (3.12)
The identities (3.10) and (3.11) together with the estimate (3.12) now give
sup
wPQk
j,l
|∇Hzpwq| À
p1´ |ζkj,l|
2qη´1ˇˇˇ
1´ zζkj,l
ˇˇˇη`2 sup
wP pQj,l |fpwq| “
p1´ |ζkj,l|
2qη´1ˇˇˇ
1´ zζkj,l
ˇˇˇη`2 pfj,l. (3.13)
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The identity (3.8) together with the estimates (3.9), (3.13) and (3.2) give
|fpzq ´ Sηpfqpzq| À
ÿ
j,l,k
¨˚
˝ż
Qk
j,l
¨˚
˝diam Qkj,l p1´ |ζkj,l|2qη´1ˇˇˇ
1´ zζkj,l
ˇˇˇη`2 sup
wP pQj,l |fpwq|
‹˛‚dApζq‹˛‚
À
ÿ
j,l
M2ÿ
k“1
¨˚
˝ˇˇˇQkj,l ˇˇˇdiam Qkj,l p1´ |ζkj,l|2qη´1ˇˇˇ
1´ zζkj,l
ˇˇˇη`2 pfj,l‹˛‚
À
ÿ
j,l
1
M3
p1´ |ζj,l|
2qη`2ˇˇ
1´ zζj,l
ˇˇη`2 pfj,l M2ÿ
k“1
1
ď
1
M
ÿ
j,l
p1´ |ζj,l|
2qη`2ˇˇ
1´ zζj,l
ˇˇη`2 ÿ
pi,mqPUk,j
fi,m
À
1
M
ÿ
j,l
λpfqj,l
p1´ |ζj,l|
2qη`2´
1
p pωprjq´ 1qˇˇ
1´ zζj,l
ˇˇη`2 ,
where tλj,lu is that of (3.3). Then, by combining the above estimate with Theorem 1, with
M “ η ` 2, and Lemma 4 it follows that
}f ´ Sηpfq}Ap,qω À
1
M
}λpfq}ℓp,q —
1
M
}f}Ap,qω .
The inequality (3.7) follows by choosing M large enough.
Let tfnu
8
n“1 be defined by f1 “ Sηpfq and fn “ Sη
´
f ´
řn´1
m“1 fm
¯
for n P Nzt1u. Further, let
apfq
p1q
j,l,k “ apfqj,l,k, where tapfqj,l,ku are those defined in (3.5), and
apfq
pnq
j,l,k “
˜
f ´
n´1ÿ
m“1
fm
¸
pζkj,lqp1´ |ζ
k
j,l|
2q
1
p pωprjq 1q , n P Nzt1u.
With this notation
fnpzq “ pη ` 1q
ÿ
j,l,k
apfq
pnq
j,l,k
p1´ |ζkj,l|
2qη´
1
p pωprjq´ 1q´
1´ ζkj,lz
¯η`2 ˇˇˇQkj,l ˇˇˇ , n P N, (3.14)
by the definition of Sη. Moreover, n applications of (3.7) give›››››f ´
nÿ
m“1
fm
›››››
A
p,q
ω
“
›››››f ´
n´1ÿ
m“1
fm ´ fn
›››››
A
p,q
ω
“
›››››pId´ Sηq
˜
f ´
n´1ÿ
m“1
fm
¸›››››
A
p,q
ω
ď
1
2
›››››
˜
f ´
n´1ÿ
m“1
fm
¸›››››
A
p,q
ω
ď ¨ ¨ ¨ ď
1
2n
}f}Ap,qω .
(3.15)
Therefore, by denoting apfqpnq “ tapfq
pnq
j,l,ku, and applying (3.6) to f ´
řn´1
m“1 fm yields
}apfqpnq}ℓp,q À
›››››f ´ n´1ÿ
m“1
fm
›››››
A
p,q
ω
ď 2´n`1}f}Ap,qω , n P N. (3.16)
Finally, set bpfqj,l,k “
ř8
n“1 apfq
pnq
j,l,k and
gpzq “ pη ` 1q
ÿ
j,l,k
bpfqj,l,k
p1´ |ζkj,l|
2qη´
1
p pωprjq´ 1q
p1´ ζkj,lzq
η`2
ˇˇˇ
Qkj,l
ˇˇˇ
, z P D.
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Then (3.14) yields
gpzq ´
nÿ
m“1
fm “ pη ` 1q
ÿ
j,l,k
˜
bpfqj,l,k ´
nÿ
m“1
apfq
pmq
j,l,k
¸
p1´ |ζkj,l|
2qη´
1
p pωprjq´ 1q
p1´ ζkj,lzq
η`2
ˇˇˇ
Qkj,l
ˇˇˇ
“
ÿ
j,l,k
˜
8ÿ
m“n`1
apfq
pmq
j,l,k
¸
p1´ |ζkj,l|
2q
η´ 1
p pωprjq´ 1q
p1´ ζkj,lzq
η`2
ˇˇˇ
Qkj,l
ˇˇˇ
,
from which Theorem 1 and (3.16) give›››››g ´ nÿ
m“1
fm
›››››
A
p,q
ω
À
››››››
#
8ÿ
m“n`1
a
pmq
j,l,k
+
j,l,k
››››››
ℓp,q
À }f}Ap,qω
˜
8ÿ
m“n`1
2´mmint1,p,qu
¸ 1
mint1,p,qu
— 2´n }f}Ap,qω , n P N.
By combining this with (3.15) we deduce
}f ´ g}Ap,qω ď
›››››f ´ nÿ
m“1
fm `
nÿ
m“1
fm ´ g
›››››
A
p,q
ω
À
›››››f ´ nÿ
m“1
fm
›››››
A
p,q
ω
`
›››››g ´ nÿ
m“1
fm
›››››
A
p,q
ω
À 2´n }f}Ap,qω , n P Nzt1u,
(3.17)
and it follows that f “ g. The assertion of the theorem follows for M “ η ` 2 and
λpfqkj,l “ pη ` 1qbpfqj,l,k
|Qkj,l|
p1´ |ζkj,l|
2q2
,
because }tλpfqkj,lu}ℓp,q À }f}Ap,qω by (3.16). This finishes the proof. l
4. Differentiation operators from Ap,qω to Lsµ
We recall that the spaces ℓp,q obey the basic inclusion relations ℓp,q Ă ℓr,q for p ď r, and
ℓp,q Ă ℓp,s if q ď s. Moreover, it is known that by denoting
p1 “
$&%
8, 0 ă p ď 1,
p
p´1 , 1 ă p ă 8,
1, p “ 8,
we have
}b}ℓp1,q1 “ sup
$&%
ˇˇˇˇ
ˇˇÿ
j,l
cj,lbj,l
ˇˇˇˇ
ˇˇ : }c}ℓp,q “ 1
,.-
by [14, Theorem 1]. The following proof uses ideas form the proof of [12, Theorem 2].
Proof of Theorem 3. Assume first that Dpnq : Ap,qω Ñ Lsµ is bounded. Let
Ftpzq “
ÿ
j,l
aj,lptqλj,l
p1´ |zj,l|q
M´ 1
p pωpzj,lq´ 1q
p1´ zj,lzq
M
, z P D,
where tzku is a separated sequence and aj,l are the Rademacher functions [9, Appendix A] and
M satisfies the hypothesis (1.2) of Theorem 1. Then
}F
pnq
t }Lsµ ď }D
pnq}Ap,qω ÑLsµ}Ft}A
p,q
ω
À }Dpnq}Ap,qω ÑLsµ}λ}ℓp,q . (4.1)
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Moreover, Khinchine’s inequality [9, Appendix A] yields
ż 1
0
}F
pnq
t }
s
Lsµ
dt
“
ż
D
ż 1
0
ˇˇˇˇ
ˇˇMpM ` 1q ¨ ¨ ¨ pM ` n´ 1qÿ
j,l
aj,lptqλj,lzj,l
n p1´ |zj,l|q
M´ 1
p pωpzj,lq´ 1q
p1´ zj,lzq
M`n
ˇˇˇˇ
ˇˇ
s
dt dµpzq
Á
ż
D
¨˝ÿ
j,l
ˇˇˇˇ
ˇλj,l p1´ |zj,l|qM´
1
p pωpzj,lq´ 1q
p1´ zj,lzq
M`n
ˇˇˇˇ
ˇ
2‚˛s2 dµpzq
Á
ż
D
¨˝ÿ
j,l
ˇˇˇ
χQj,lpzqλj,lp1´ |zj,l|q
´n´ 1
p pωpzj,lq´ 1q ˇˇˇ2‚˛
s
2
dµpzq
“
ÿ
j,l
|λj,l|
sµpQj,lqp1 ´ |zj,l|q
´s
´
n` 1
p
¯pωpzj,lq´ sq
—
ÿ
j,l
|λj,l|
sµpQj,lqK
js
´
n` 1
p
¯pωprjq´ sq .
(4.2)
By integrating (4.1) with respect to t, using (4.2) and writing b “ tbj,lu “ t|λj,l|
su we obtain
ÿ
j,l
bj,lµpQj,lqK
js
´
n` 1
p
¯pωprjq´ sq À }Dpnq}sAp,qω ÑLsµ}b}ℓpps q,p qs q
for all b P ℓp
p
s q,p
q
sq with bj,l ě 0. It follows that
!
µpQj,lqK
sjpn` 1
p
qpωprjq´sq )
j,l
P ℓp
p
s q
1
,p qsq
1
with norm bounded by a constant times }Dpnq}s
A
p,q
ω ÑLsµ
by [14, Theorem 1]. Thus (ii) is satisfied.
To see the converse implication, note first that the estimate (3.12) implies f
pnq
j,l À K
jn pfj,l.
This together with the fact that #Uj,l has a finite uniform bound independent of j, l and K, and
Lemma 4 give
›››››
"
f
pnq
j,l K
´j
´
n` 1
p
¯pωprjq 1q*
j,l
›››››
ℓp,q
À
››››! pfj,lK´ jp pωprjq 1q)
j,l
››››
ℓp,q
À
››››!fj,lK´ jp pωprjq 1q)
j,l
››››
ℓp,q
“ }λpfq}ℓp,q — }f}Ap,qω .
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By applying [14, Theorem 1] and the estimate just established, we deduceż
D
|f pnqpzq|s dµpzq “
ÿ
j,l
ż
Qj,l
|f pnqpzq|s dµpzq ď
ÿ
j,l
´
f
pnq
j,l
¯s
µpQj,lq
“
ÿ
j,l
´
f
pnq
j,l
¯s
K
´js
´
n` 1
p
¯pωprjq sqµpQj,lqKjs´n` 1p¯pωprjq´ sq
ď
›››››
"´
f
pnq
j,l
¯s
K
´js
´
n` 1
p
¯pωprjq sq*
j,l
›››››
ℓ
p
s ,
q
s
¨
›››››
"
µpQj,lqK
js
´
n` 1
p
¯pωprjq´ sq*
j,l
›››››
ℓp
p
s q
1
,p qs q
1
“
›››››
"
f
pnq
j,l K
´j
´
n` 1
p
¯pωprjq 1q*
j,l
›››››
s
ℓp,q
¨
›››››
"
µpQj,lqK
js
´
n` 1
p
¯pωprjq´ sq*
j,l
›››››
ℓp
p
s q
1
,p qs q
1
À }f}s
A
p,q
ω
›››››
"
µpQj,lqK
js
´
n` 1
p
¯pωprjq´ sq*
j,l
›››››
ℓp
p
s q
1
,p qs q
1
,
and hence
}Dpnq}s
A
p,q
ω ÑLsµ
À
›››››
"
µpQj,lq2
sj
´
n` 1
p
¯pωprjq´ sq*
j,l
›››››
ℓp
p
s q
1
,p qs q
1
.
It remains to show that (ii) is equivalent to its continuous counterpart (iii). To do this, first
define U rj,l “ tpi,mq : ̺pQj,l, Qi,mq ă ru, and note that supj,l#U
r
j,l ď Cprq ă 8. Further, setpQrj,l “ Ypi,mqPUrj,lQi,m and write Tr “ Tr,u,v for short. Assume first s ă mintp, qu. Then, by
choosing r “ rpKq ą 0 sufficiently large we have
Srpzq “
ÿ
j
ÿ
l
µpQj,lq
K´jpsn`1qpωprjqχQj,lpzq À Trpzq Àÿj
ÿ
l
µp pQrj,lq
K´jpsn`1qpωprjqχQj,lpzq “ Brpzq
for all z P D. By using supj,l#U
r
j,l ă 8 we deduce
}Br}
q
q´s
L
p
p´s ,
q
q´s
ω
“
ż 1
0
ˆż 2π
0
Brpte
iθq
p
p´sdθ
˙ qpp´sq
ppq´sq
ωptq dt
—
8ÿ
k“0
ż rk`1
rk
¨˝
Kk`3´1ÿ
i“0
µp pQrk,iq pp´sKk pp´s p1`snqK´kpωprkq´ pp´s ‚˛
qpp´sq
ppq´sq
ωptq dt
—
8ÿ
k“0
¨˝
Kk`3´1ÿ
i“0
´
µp pQrk,iqKkspn` 1p qpωprkq´ sq ¯ pp´s ‚˛
qpp´sq
ppq´sq
À
8ÿ
k“0
¨˝
Kk`3´1ÿ
i“0
´
µpQk,iqK
kspn` 1
p
qpωprkq´ sq ¯ pp´s ‚˛
qpp´sq
ppq´sq
,
and an essentially identical reasoning gives
}Sr}
q
q´s
L
p
p´s ,
q
q´s
ω
—
8ÿ
k“0
¨˝
Kk`3´1ÿ
i“0
´
µpQk,iqK
kspn` 1
p
q
ωprkq
´ s
q
¯ p
p´s ‚˛
qpp´sq
ppq´sq
.
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This finishes the proof of the case s ă mintp, qu for r ą 0 large enough.
In the case p ď s ă q, we have
Srpzq “
ÿ
j
ÿ
l
µpQj,lq
K
´jspn` 1
p
qpωprjqχQj,lpzq À Trpzq À
ÿ
j
ÿ
l
µp pQrj,lq
K
´jspn` 1
p
qpωprjqχQj,lpzq “ Brpzq
for all z P D. By using again supj,l#U
r
j,l ă 8 we deduce
}Br}
L
8, q
q´s
ω
“
ˆż 1
0
pM8pBr, tqq
q
q´s ωptq dt
˙ q´s
q
—
˜
8ÿ
k“0
ż rk`1
rk
ˆ
K
kspn` 1
p
qpωprkq´1 sup
i
µp pQrk,iq˙ qq´s ωptq dt
¸ q´s
q
—
˜
8ÿ
k“0
ˆ
sup
i
µp pQrj,iqKkspn` 1p qpωprkq´ sq˙ qq´s
¸ q´s
q
À
˜
8ÿ
k“0
ˆ
sup
i
µpQj,iqK
kspn` 1
p
q
ωprkq
´ s
q
˙ q
q´s
¸ q´s
q
,
and similarly
}Sr}
L
8,
q
q´s
ω
—
˜
8ÿ
k“0
ˆ
sup
i
µpQj,iqK
kspn` 1
p
q
ωprkq
´ s
q
˙ q
q´s
¸ q´s
q
.
Hence the case p ď s ă q is proved for r ą 0 large enough.
In the case q ď s ă p we have
Srpzq “
ÿ
j
ÿ
l
µpQj,lq
K´jpsn`1qpωprjq sq χQj,lpzq À Trpzq À
ÿ
j
ÿ
l
µp pQrj,lq
K´jpsn`1qpωprjq sq χQj,lpzq “ Brpzq
for all z P D. By using again supj,l#U
r
j,l ă 8 we deduce
}Br}
L
p
p´s ,8
ω
“ sup
0ătă1
ˆż 2π
0
Brpte
iθq
p
p´sdθ
˙p´s
p
— sup
j
¨˝
Kk`3´1ÿ
i“0
µp pQrj,iq pp´sKj pp´s psn`1qK´jpωprjq´ spqpp´sq ‚˛
p´s
p
— sup
j
¨˝
Kk`3´1ÿ
i“0
´
µp pQrj,iqKjspn` 1p qpωprjq´ sq¯ pp´s ‚˛
p´s
p
À sup
j
¨˝
Kk`3´1ÿ
i“0
´
µpQj,iqK
jspn` 1
p
q
ωprjq
´ s
q
¯ p
p´s ‚˛
p´s
p
— }Sr}
L
p
p´s ,8
ω
,
completing the proof of the case q ď s ă p for r ą 0 large enough.
The remaining case s ě maxtp, qu is the simplest one of all because now
Srpzq “
ÿ
j
ÿ
l
µpQj,lq
K
´jspn` 1
p
qpωprjq sq χQj,lpzq À Trpzq À
ÿ
j
ÿ
l
µp pQrj,lq
K
´jspn` 1
p
qpωprjq sq χQj,lpzq “ Brpzq,
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and hence ››››››
#
µpQj,lq
K
´jspn` 1
p
qpωprjq sq
+
j,l
››››››
ℓ8
À }Tr}L8 À
››››››
#
µp pQrj,lq
K
´jspn` 1
p
qpωprjq sq
+
j,l
››››››
ℓ8
À
››››››
#
µpQj,lq
K
´jspn` 1
p
qpωprjq sq
+
j,l
››››››
ℓ8
.
This completes the proof of the theorem in the case in which r ą 0 is sufficiently large, say
r ě r0 “ r0pKq. If r P p0, r0q, then dividing Qj,l into M
2 rectangles of equal area as in the proof
of Theorem 2, and then slightly modifying the proof just presented, the assertion easily follows.
The details of this deduction do not offer us anything new and are therefore omitted. l
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